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1. Introduction and main results
Many important results on the distribution of values of entire function and meromorphic functions in the complex plane
were obtained, see [1,2]. It was shown by Yang [2] that a ﬁlling disc sequence of meromorphic functions with ﬁnite order
can deduce a Borel direction. On the contrary, A. Rauch [3] proved that a Borel direction of such functions decided a ﬁlling
disc sequence. In 1999, the existence of the Borel radius of meromorphic mappings in the unit circle was obtained by
Zhang [4], which improved the results in complex plane. But the related characteristics of meromorphic functions in the
unit circle are seldom discussed. So, in this paper we develop some properties in Borel radius of meromorphic mapping
with ﬁnite order in the unit circle by some results of [4–6], and prove that for meromorphic mappings of ﬁnite order must
exist a ﬁlling disc sequence in its Borel radius, which extends the result of A. Rauch in complex plane. To arrive at our main
results, we introduce some deﬁnitions and notations, which can be found in [1] and [2].
Let f (z) be a meromorphic function, we denote by n(E,a; f ) the number of roots, with due count of multiplicity, of the
equation f (z) = a in the domain E . If E = {|z|  r}, we simplify n(E,a; f ) by n(r,a; f ). n(E,a; f ) denotes the number of
distinct roots of the equation f (z) = a in E . Specially, n(r,Δ(θ, ε),a) denotes the number of distinct roots of the equation
f (z) = a in the angular domain {z: |z| < r} ∩ {θ − ε < arg z < θ + ε}. Let V be a Riemann sphere which diameter is 1. Set
S(E, f ) = |Fr ||V| =
1
π
∫ ∫
z∈E
( | f ′(z)|
1+ | f (z)|2
)2
r dr dθ
(
z = reiθ ),
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is the average number of cover times of V by E through f . If E = {|z| r}, S(E, f ) can be replaced by S(r, f ). From [1], the
Ahlfors–Shimizu characteristic
T0(r, f ) =
r∫
0
S(t, f )
t
dt
and the Nevanlinna characteristic T (r, f ) have the following relation:
∣∣T (r, f ) − T0(r, f ) − ln+∣∣ f (0)∣∣∣∣ 1
2
ln2. (1)
Deﬁnition 1. Let f (z) be a meromorphic mapping in |z| < 1. If S(r, f ) → ∞(r → 1), then we call f (z) transcendental.
Deﬁnition 2. Let f (z) be a transcendental meromorphic mapping in |z| < 1, the order of f (z) is deﬁned as
ρ = lim
r→1−
ln T (r, f )
− ln(1− r) .
When ρ ∈ (0,+∞), ρ = +∞ or ρ = 0, we say that f (s) is a meromorphic mapping of ﬁnite order, inﬁnite order or zero
order in the unit circle.
Note. If f (z) is a meromorphic mapping in |z| < 1, it will share the most properties of those in complex plane, but there is
still some difference between them. For example, provided f (z) is transcendental meromorphic in the complex plane, we
can easily have that
τ = lim
r→∞
ln T (r, f )
ln r
= lim
r→∞
ln S(r, f )
ln r
,
where τ is the order of f (z) in the complex plane. However, this is not the case in the unit disc.
Lemma 1. Suppose that f (z) is a transcendental meromorphic mapping in |z| < 1, then
lim
r→1−
ln T (r, f )
− ln(1− r) = ρ ⇐⇒ limr→1−
ln S(r, f )
− ln(1− r) = ρ + 1.
Deﬁnition 3. Let f (z) be a meromorphic mapping of ﬁnite order(0< ρ < ∞) in the unit circle. If ∀ε > 0, ∀a ∈ C = {C ∪∞},
we have
lim
r→1−
lnn(r,Δ(θ, ε),a)
− ln(1− r)  ρ + 1,
with two possible exceptional values for a, then the ray L(θ) = {z: |z| < 1, arg z = θ} is called a Borel radius (Borel direction
in the case of the plane) of order ρ + 1.
Note. Why the limsup in Deﬁnition 3 is required to be least ρ + 1? In fact, from Lemma 1 and Theorem 1 (shown below),
n(r,a; f ) = O (S(r, f ))= O
(
1
1− r T (r, f )
)
= O
((
1
1− r
)1+ρ+ε)
in general comes into existence when r → 1− . Hence for some ray to be a Borel radius for a function f , it means that the
function f has a maximal number (relative to its growth) of a-points in an ε-neighborhood of that ray.
Deﬁnition 4. Let f (z) be meromorphic and not constant in the domain E and n > 0. B = {|z− z0| < r}(⊂ E) is called a ﬁlling
disc of f (z) with exponent n, provided that, for every complex number a ∈ C ,
n(B,a; f ) n
holds with at most two possible exceptional values, which are included in a spherical circle of the radius n− 16 .
Remark. For every complex number a ∈ C, with two possible exceptional values, we can ﬁnd a point z ∈ B such that
f (z) = a at least n times, that is to say the complex plane C can be almost covered by the disc B through f at least n
times, so B is called a ﬁlling disc of f (z) with exponent n.
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is a Borel radius of order ρ + 1, if and only if the equation
lim
r→1−
ln S(r,Δ(θ,η), f )
− ln(1− r)  ρ + 1
holds for ∀η ∈ (0,π).
Theorem 2. Suppose that f (z) is a meromorphic mapping and it is of ﬁnite order ρ in the unit circle if
L(θ0) = {z: |z| < 1, arg z = θ0} (0 θ0 < 2π)
is a Borel radius of order ρ + 1. Then there exist a sequence
{
zn = |zn|eiθn
} (
lim
n→∞|zn| = 1
−, lim
n→∞ θn = θ0
)
,
and a positive sequence {εn} (limn→∞ εn = 0), so that Bn = {z: |z − zn|/|1 − zzn| < 1n } is a ﬁlling disc of f (z) with exponent
( 11−|zn| )
ρ−εn , where n = 1,2,3, . . . .
2. Lemmas and their proofs
The proof of Lemma 1 is given for the convenience of the reader.
Proof. Case (i). Suppose ﬁrst that
lim
r→1−
ln T (r, f )
− ln(1− r) = ρ.
Set R = 1+r2 , then ln 11−R = ln 11−r + ln 2, and it follows that
T (R, f )
R∫
r
S(t, f )
t
dt > S(r, f ) ln
R
r
= S(r, f ) ln
(
1+ 1− r
2r
)
 S(r, f )1− r
3r
.
Then
ρ = lim
R→1−
ln T (R, f )
− ln(1− R)  limr→1−
[
ln S(r, f )
− ln(1− R) −
ln 11−r
ln 11−R
− ln 3r
ln 11−R
]
 lim
r→1−
[
ln S(r, f )
− ln(1− r) ·
− ln(1− r)
− ln(1− R) −
ln 11−r
ln 11−R
]
= lim
r→1−
ln S(r, f )
− ln(1− r) − 1.
Case (ii). Suppose next that
lim
r→1−
ln S(r, f )
− ln(1− r) = ρ0  1.
When r is suﬃciently close to 1− , for ∀ε > 0 and δ ∈ (0,1), it follows that
T0(r, f ) − T0(δ, f ) =
r∫
δ
S(t, f )
t
dt  −1
δ
r∫
δ
(
1
1− t
)ρ0+ε
d(1− t)
 ρ0 + ε − 1
δ
(
1
1− t
)ρ0+ε−1∣∣∣∣
r
δ
=
(
1
1− r
)ρ0+ε−1
+ constant.
By (1), we have
lim
r→1−
ln T (r, f )
− ln(1− r)  ρ0 − 1 = limr→1−
ln S(r, f )
− ln(1− r) − 1.
So from the cases (i) and (ii), this proves Lemma 1. 
In the paper [5], Sun and Yang have shown that a meromorphic mapping is a 1-quasimeromorphic mapping, then we
have the following:
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between any two points is |ai,a j | δ ∈ (0,1/2). Then, for any r ∈ (0, R), we have
S(r, f ) <
3∑
j=1
n(R,a j; f ) + 2
15π6
(ln R − ln r)δ6 .
According to Lemma 2, by applying the similar method as in Lemma 3.1 of [6, p. 370], we may verify easily the following
lemma.
Lemma 3. Suppose that f (z) is meromorphic in |z| < r < 1, Δ and Δ0 are two angular domains with common vertex on the center of
the unit circle and satisfy Δ = Δ(θ,η) ⊂ Δ0 = Δ(θ,η0), 0< η < η0 , 0 θ < 2π , then
S(r,Δ) 9
3∑
j=1
n
(
r + 3
4
,Δ0,a j
)
+ O
(
ln
1
1− r
)
,
where a1,a2 and a3 are three distinct points in Lemma 2.
From the proof of Lemma 3.1 in [7, p. 50], we try to prove the following lemma for meromorphic functions.
Lemma 4. Suppose that f (z) is meromorphic in |z| < R and there exists r0 ∈ (0, R) such that S(r0, f ) >m > 0. Then the disc |z| < r
is a ﬁlling disc of f (z) with exponent 3(ln r−ln r0)4[3(ln r−ln r0)+H]m, provided each r satisﬁes
4[3(ln r − ln r0) + H]
3(ln r − ln r0) <m,
where H = 215π6.
Proof. Suppose that there exists r satisfying 4[3(ln r−ln r0)+H]3(ln r−ln r0) < m, and |z| < r is not a ﬁlling disc of f (z) with exponent
M = 3(ln r−ln r0)4[3(ln r−ln r0)+H]m. Therefore, there will be three distinct complex values a1,a2,a3 of which mutual spherical distance is
more than M− 16 such that
n(R,a j; f ) < M ( j = 1,2,3).
By Lemma 2, we have
S(r0, f ) < 3M + H
ln r − ln r0 M,
where H = 215π6. But combining with the condition S(r0, f ) > m, it follows that m < 3M + Hln r−ln r0 M = 34m, which is
contrary to m > 0. This proves Lemma 4. 
3. Proofs of theorems
Proof of Theorem 1. We prove Theorem 1 in two steps.
Case (i). We ﬁrst prove the necessity of Theorem 1. Let L(θ) = {z: |z| < 1, arg z = θ} be a Borel radius of order ρ + 1.
For ∀η > 0 and complex number a (with two possible exceptional values) on the sphere V, we have
lim
r→1−
lnn(r,Δ(θ,η),a)
− ln(1− r)  ρ + 1.
Set rn = 1− ( 12 )n , 11−rn = 2n , then ∀r ∈ (0,1), there exists an integer n such that r ∈ [rn, rn+1) and
n
(
rn,Δ(θ,η),a
)
 n
(
r,Δ(θ,η),a
)
 n
(
rn+1,Δ(θ,η),a
)
,
then
lim
n→∞
lnn(rn+1,Δ(θ,η),a)
− ln(1− rn+1) = limn→∞
lnn(rn+1,Δ(θ,η),a)
− ln(1− rn)  limr→1
lnn(r,Δ(θ,η),a)
− ln(1− r)  ρ + 1. (2)
Therefore, for ∀ε > 0 and for suﬃciently large n, it follows that
n
(
rn,Δ(θ,η),a
)

(
1
)ρ+1−ε
,
1− rn
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(
rn,Δ(θ,η), f
)

(
1
1− rn
)ρ+1−2ε
.
Otherwise, if S(rn,Δ(θ,η), f ) < ( 11−rn )
ρ+1−2ε, we set
En =
{
a ∈ V
∣∣∣ n(rn,Δ(θ,η), f = a)
(
1
1− rn
)ρ+1−ε}
,
then it follows that
mes En ·
(
1
1− rn
)ρ+1−ε
 π S
(
rn,Δ(θ,η), f
)
< π
(
1
1− rn
)ρ+1−2ε
and mes En < π( 11−rn )
−ε = π2−nε , thus ∑n mes En < ∞.
So there exists a suﬃciently large N , such that
∑∞
n=N mes En < 0.1. We choose three different complex numbers
a j ∈ V −
∞⋃
n=N
En ( j = 1,2,3),
then
lim
n→∞
lnn(rn,Δ(θ,η), f = a j)
− ln (1− rn)  ρ + 1− ε ( j = 1,2,3),
is in contradiction with the formula (2).
Case (ii). To prove the suﬃciency of the theorem, suppose that ∀θ ∈ (0,2π), ∃η0 ∈ (0, π2 ) and a j ∈ V ( j = 1,2,3), such
that
lim
r→1−
lnn(r,Δ(θ,η0),a j)
− ln(1− r) < ρ + 1
holds for every a j ( j = 1,2,3).
When r is suﬃciently close to 1, there exists ρ1 ∈ (0,ρ + 1) such that
n
(
r,Δ(θ,η0),a j
)
<
(
1
1− r
)ρ1
.
For ∀η ∈ (0, η0), by Lemma 3, we have
S
(
r,Δ(θ,η), f
)
 9
3∑
i=1
n
(
3+ r
4
,Δ(θ,η0),a j
)
+ O
(
ln
1
1− r
)
.
Both sides employ logarithm and divide ln 11−r and let r → 1− , it follows that
lim
r→1−
ln S(r,Δ(θ,η), f )
− ln(1− r) < limr→1−
ln[9∑3i=1 n( 3+r4 ,Δ(θ,η0),a j)]
− ln(1− r) = ρ1 < ρ + 1,
which is in contradiction to the condition. Theorem 1 is proved. 
Proof of Theorem 2. Fetch the angular domain
Ω(θ0, η) =
{
z: |z| < 1}∩ {θ0 − η < arg z < θ0 + η}, η ∈
(
0,
π
4
)
,
and its vertex is the origin and its angular bisector is L(θ0).
Since L(θ0) is a Borel radius of order ρ + 1, by Theorem 1, for ∀η ∈ (0, π4 ), it follows that
lim
r→1−
ln S(r,Δ(θ0, η), f )
− ln(1− r)  ρ + 1.
For ∀ε ∈ (0,ρ), we can easy have
lim
r→1(1− r)
ρ+1−ε S
(
r,Δ(θ0, η), f
)= +∞. (3)
Set
Γ (α, r, θ0, η) =
{
z: r  |z| < 1− α(1− r), θ0 − η < arg z < θ0 + η
}
, α ∈ (0,1).
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lim
r→1(1− r)
ρ+1−ε S
(
Γ (α, r, θ0, η), f
)= +∞ (4)
holds for any ﬁxed α ∈ (0,1) and ε ∈ (0,ρ), where
S
(
Γ (α, r, θ0, η), f
)= 1
π
∫ ∫
z∈Γ (α,r,θ0,η)
( | f ′(z)|
1+ | f (z)|2
)2
r dr dθ
(
z = reiθ ).
Otherwise, if Eq. (4) does not come into existence, there will be a positive value A and α ∈ (0,1), such that
(1− r)ρ+1−ε S(Γ (α, r, θ0, η), f )< A (0< r < 1).
Set
rn = 1− αn, rn+1 = 1− αn+1 = 1− α(1− rn),
then (
αn+1
)ρ+1−ε
S
(
Γ (α, rn+1, θ0, η), f
)
< A
and hence
(1− rn+1)ρ+1−ε S
(
rn+1,Δ(θ0, η), f
)= (αρ+1−ε)n+1
n∑
k=0
S
(
Γ (α, rk, θ0, η), f
)
<
(
αρ+1−ε
)n+1 n∑
k=0
A
(αρ+1−ε)k
<
αρ+1−ε
1− αρ+1−ε A.
Then ∀r ∈ (0,1), there exists an integer n ∈ N such that rn  r < rn+1, and
(1− r)ρ+1−ε S(r,Δ(θ0, η), f ) (1− rn)ρ+1−ε S(rn+1,Δ(θ0, η), f )< A
1− αρ+1−ε .
Since this is in contradiction to Eq. (3), thus (4) is proved.
Accordingly, we set αn = 1− 13n , εn = ρn+1 and ηn = π4n , then for any positive integer n, there exists pn ∈ (0,1) so that
(1− pn)ρ+1−εn S
(
Γ (αn, pn, θ0, ηn), f
)
>
(
8n + 8nH
3 ln2
)(
1
1− 1/6n
)ρ−εn
, (5)
where H is the constant of Lemma 4.
Divide Ωn = Γ (αn, pn, θ0, ηn) into Kn = n([ 11−pn ] + 1) domains Ω
j
n ( j = 0,1, . . . , Kn − 1), where
Ω
j
n =
{
z: pn  |z| < 1− αn(1− pn), arg z ∈
(
θ0 − ηn + 2ηn j
Kn
, θ0 − ηn + 2ηn( j + 1)
Kn
)}
.
By (5), there exists at least one number j, such that
S
(
Ω
j
n , f
)

(
4+ 4H
3 ln2
)(
1
1− pn ·
1
1− 1/6n
)ρ−εn
.
Moreover,
Ω
j
n ⊂ B =
{
z: |z − zn| < 1− pn
4n
}
⊂
{
z: |z − zn| < 1− pn
2n
}
⊂ Bn =
{
z:
∣∣∣∣ z − zn1− zzn
∣∣∣∣< 1n
}
,
where
zn = pn + 1− αn(1− pn)
2
eiθn =
[
1−
(
1− 1
6n
)
(1− pn)
]
eiθn , θn = θ0 − ηn + 2ηn j + ηn
Kn
.
Applying Lemma 4 to the disc {z: |z − zn| < 1−pnn }, we can see that
r0 = 1− pn
4n
, r1 = 1− pn
2n
< r, m =
(
4+ 4H
3 ln2
)(
1
1− pn ·
1
1− 1/6n
)ρ−εn
> 0,
where r is the radius of the disc Bn . Therefore we see that
3(ln r − ln r0)
4[3(ln r − ln r0) + H]m >
3(ln r1 − ln r0)
4[3(ln r1 − ln r0) + H]m =
(
1
1− pn ·
1
1− 1/6n
)ρ−εn
=
(
1
1− |zn|
)ρ−εn
.
So the disc Bn is a ﬁlling disc of f (z) with exponent ( 11−|zn| )
ρ−εn . 
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